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ABSTRACT

We study the number of zeros of Abelian integrals for the reversible codi-
mension four quadratic centers ng N @4, when we perturb such systems
inside the class of all polynomial systems of degree n.

1. Introduction

The paper is concerned with the Abelian integrals for the perturbations of the
planar polynomial system

(1.1)6 {i‘ZHy/M-f—Ef(I,y),

y=—H;/M + eg(z.y),

where € is a small parameter, H(x,y) is a first integral of system (1.1)g and
M ((z,y) is the integrating factor, H,/M, H,/M, f(x,y) and g(z,y) are polyno-
mials of z and y, max{deg f(x,y).degg(x,y)} = n. The system (1.1), is called
an integrable system (Hamiltonian system, if M(z,y) = 1). We assume
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that system (1.1)p has at least one center. The Abelian integral for (1.1). is
defined as

(12) L) =§ M) @y Mo )iz, he T

Here T'), is the compact component of the curve H(x,y) = h (i.e., the period
annulus of system (1.1)g); ¥ is the maximal interval of existence of I'y,. Finding
the upper bound for the number of zeros of I(h) is called the weakened Hilbert
16th problem, posed by Arnold [A]. It is well known that, if I(h) # 0, then the
total number of isolated zeros of I(h) (taking into account their multiplicities)
is an upper bound for the number of limit cycles of (1.1)., which tend to some
period annulus T'y.

Up to now most of the results on the weakened Hilbert 16th problem con-
cerned the Hamiltonian cases; see [G1, G2, HI, 13, P1, P2, RZh, ZLL, 7ZZ, IyY1,
IyY2, Y, NY] and references therein. For non-Hamiltonian integrable systems,
since M (x,y) is not a constant, the functions M (x,y)f(x,y), M(z,y)g(x,y) and
H(z,y) are in general not polynomials. The study of Abelian integrals in these
case is much more difficult than the Hamiltonian cases. Only a few papers dealt
with integrable cases; see [I1, 12, Zh, ZLLZ] etc.

In this paper, we discuss the Abelian integral for a quadratic integrable system.
The quadratic centers are divided into several types. The most simple classifica-
tion can be found in [Zh]. Taking a complex » = x 44y and using the terminology
from [Zh], the list of quadratic centers at z = 0 looks therefore as follows:

2 = —iz — 22 + 2|2|2 + (b + ic)z%, Hamiltonian (Q¥),

—iz 4 a2 + 2|z|2 + bz?, reversible (QF),
—iz 4+ 422 +2]22 + (b+ic)z2, |b + ic| = 2, codimension four (Q4),
—iz + 2% + (b + ic)Z2, generalized Lotka-Volterra (Q5Y),

3 = —iz + 22, Hamiltonian triangle.
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Important work was finished in the paper [I2] by Iliev, who studied the bifurca-
tion of limit cycles in the general quadratic perturbation of a quadratic integrable
system and gave the corresponding bifurcation functions, which are Abelian in-
tegral I(h) or higher order Melnikov functions. For the cases of the Hamiltonian
triangle and Q¥, the number of zeros of I(h) has been estimated in [G1] and
[HI], respectively.

The present paper deals with the quadratic case in the situation where un-
perturbed vector field (1.1)g belongs to the intersection of two components of a
center manifold, namely the reversible Qf and the codimension four Q4. The
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intersection Q¥ N Q4 consists of two single systems Q¥ (see [I1])
(1.3) i=—iz44z% 42 £ 272

In the papers [I1} and [I2], the author proved that the cyclicity of the period
annulus of system Qf is at most three under quadratic perturbations. The
purpose of this paper is to find an upper bound of the number of zeros of Abelian
integral (1.2) for Qf = QF N Q4 when we perturb such a system inside the class
of all polynomial systems of degree n. Our main result is the following

THEOREM 1.1: The number of isolated zeros of Abelian integral I(h) in ¥ does
not exceed 5[(n — 1)/2] — 1,n > 3, for system Qf and 21n — 12,n > 1, for Qy,
respectively.

Forn = 1,2, I(h) has at most 4 zeros in T for system Q.

Remark 1.2: In the paper [ZLLZ], we give a linear estimate of the number of
zeros of Abelian integrals for quadratic centers having almost all their orbits
formed by cubic curves. However, Q7 is not contained in any cases which are
studied in [ZLLZ], although it can be reduced to a cubic integrable vector field
whose orbits are almost all cubic curves; see section 2 for the details. This is
because the original orbits of Q7 are almost all algebraic curves of degree 6.

2. The expression for Abelian integrals

In this section, we are going to express the Abelian integral I(h) as a linear
combination of several basic integrals. To do this, we begin this section with the
following lemma:

LEMMA 2.1: (i) Corresponding to system Qg , the perturbed system (1.1). can
be reduced to the following normal form,

(2 1) 'T =Ty + 6‘1‘.-2.)((‘733* y)ﬂ
e y=v*-2*/3+1/3+eg(c®y).

A first integral of system (2.1) is

o1 1 1
(2:2) Hiz.y) =7 (507 + 52" + ) =h

with integrating factor M(x,y) = x~3. In these coordinates, the ovals T, C

{H = h} are defined for h € ¥ = (1/2,+00) and the critical level H = 1/2
corresponds to the center (1,0).
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(ii) Corresponding to system QF, the perturbed system (1.1)¢ can be reduced
to

_ = 2zy + f(z,y),
(2-3)e { §=2(x — 2%+ 24°) + eg(2, ).

A first integral of (2.3)¢ is

2
a2 2 2N
{2.4) H{z,y)==z (y z° + 3;1:) h
with integrating factor M (x,y) = 272, The period annulus Ty, is defined in the
interval ¥ = (—1/3,0) and the critical level H = —1/3 corresponds to the center
(1,0).

In the above system (2.1), and (2.3)¢, f(z,y) and ¢(z,y) are polynomials of
z,y with maz{deg f(z,y),degg(z,y)} = n.

Proof: (i) Taking a real coordinate (x,y), the system (; has a first integral
H = X~2/3(y2/2 + X/48 + 1/96) with integrating factor M = X ~5/3, where
X =1+ 12z; see appendix of [[1]. Performing a suitable scaling of y, H and A,
we can assume H = z~2/3(y%/2 + 2/3 4 1/6) = h with M = x~%/3. Changing
into x3, we get (2.1)..

(ii) Using the same arguments as above.

Now we introduce some notations. Throughout this paper, we define, for h € &
and any 4,j,i=...,-1,0,1,...,7=0,1,2,...,

(25) Ii,j(h) = . M(lf, y).l'iyjdl‘, Jz(h) = i,l(h)a
h
where 'y, ¥ and M(xz,y) are defined in Lemma 2.1 (i) and Lemma 2.1 (ii),
respectively. Without loss of generality, suppose that T', has negative (clock-
wise) orientation. Obviously, I; 2x(h) =0,k =0,1,2,... for both cases.
To be more concrete, in the following we only consider the case Q; (i.e., system
{2.1),) in Lemma 2.2-2.3 and Proposition 2.4.

LEMMA 2.2: The Abelian integral I(h), related to (2.1)., can be expressed in
the form

n—1

(2.6) I(h) = Z ciJsi + 1135,

i=—1

where i) and ¢;,1 = —1,0,1, ... are real constants, n > 4.
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Proof: By partial integration, we get
3i-5
ji+1

i 1 . .
2.7 M;E_Qrgzyjdy - 1,32—de;+1 - _
=0 Tn J+1Jr,

I3(i-1)g41-
Therefore, we only consider f3; ;(h),7 > —1.

It follows from (2.2) that

Ay 1 1

2. T A Tt e |
(2.8) ryawacy-l—3 3¢
Multiplying (2.8) by z'y’~2dx and integrating over I';, we get
1

3(Ii+3,j—2 —Iij_2)=0.

(2.9) }{ 22y dy — I ; +
Tp

By partial integrations, we get from (2.9) that
itj -2 1
__Jj—ji‘j = §(1i+3,j—2 —1; j_2).

Ifi > 0,7 >3 and j is odd, then ¢ + j — 2 > 0. By induction for j, we obtain
from (2.10) that I; j, ¢ > 0,7 > 3 and j is odd, can be expressed as

(2.10)

J-1)/2
(2.11) I ; = Z Cidiyan,
k=0

where ¢; denotes real constants. It follows from (2.10) that I_3;, j is odd, j > 3,
can be expressed in the form

j—2
(2.12) I 3;= ZkaO‘k +bl 55 271,
k=5

where b, and b are real constants, k is odd. Introducing (i,j) = (—3,5) into
(2.10), we have

(213) I_3'3 = 10‘3.

The expression (2.6) follows from (2.11), (2.12) and (2.13).

LEMMA 2.3: J;(h),i > 4, related to (2.2), can be expressed in the form
(2.14) Ji(h) = aio(h)Jo + Bi1 ()1 + vi2(h).Jo,

where a;o(h), 3;,1(h) and ~;2(h) are polynomials of h with dega;o(h) < i —
3,deg Bi1(h) <i—4,degyi2(h) <i—2. Fori=-1,-3,3,

1 1
(215) J_1 = .]2, .]_3 = 5(—J0 + 12hJ2), J3 = 5(2]0 + 6hJ2)
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Proof: Rewrite (2.2) in the form

1o, 135 1 2

= - = — ha?,

2y + 3;1: + 6 x
which yields

3 1

(216) Ii‘j = 3hIi_1‘j — §Ii—-3,j+2 — -2—11‘_3‘]‘.
It follows from (2.10) that
(2.17) 3(i+7~3)imz 2=+ 2)(Lij — Limz;)-

Introducing (7, j) = (2,1) into (2.17), one obtains J_; = J,. Eliminating I;_3 j 2
from (2.16) and (2.17), we have

(2.18) (28437 —4); ; = 6h(i+j—3);—15 + (=i +5)1i_3;,
which implies

(2.19) Ji= 52—1_—1-[6}1@ —2)Ji—1 + (=i +5)J;—3).

The results of this lemma follow from (2.19) by induction for :.

PROPOSITION 2.4: If n > 3, then the Abelian integral I(h), related to (2.1),,
can be expressed in the form

(2.20) I(h) = a(h)Jo + B(R)J1 + v(h)J2,

where a(h), 8(h) and y(h) are polynomials of h with deg a.(h) < 3n—6,deg 8(h) <
3n — 7 and degy(h} < 3n — 5.
Forn=0,1,2, dega(h) =0,3(h) = 0 and degy(h) < 1.

Proof: It follows from (2.10), (2.13), (2.15) and (2.16) that
(221) 10.3 = J3 — Jo, I_3’5 = 2h1__1‘3 — 10,3, I_1,3 = 2hJ; — JZ.

By (2.21) and (2.15), we have
3 16
(2.22) Las=zJo+ 4h?J, — < hJa.

The proposition follows from Lemma 2.2, Lemma 2.3 and (2.21), (2.22).
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PRrROPOSITION 2.5: Ifn > 7, then the Abelian integral I(h), related to (2.3)., is
expressed in the form

1

J(h}).  J(h) = a(h)Jo + B(R)Jy + ~v(h)J2,
where a(h), 3(h) and y(h) are polynomials of h with
max{dega(h), deg (h), deg 1 ()} < [(n — 3)/2);

[s] denotes the entire part of s.
Ifn =1,2,3, then I(h) = J(h) with deg a(h) = deg B(h) = deg~(h) = 0; if
n=4,5,6, then I{h) = J(h}/h with deg a(h) = deg B(h) = deg~y(h) = 0.

Proof: Using the same arguments as in the proof of Proposition 2.4, we can get
(2.23). Hence, we only sketch here the outline of the proof.

At first, we prove that I(h) can be denoted in the form I{(h) = z::_ll cidi,
where ¢;,i = —1,0,1, ..., is a real constant. Then we obtain

3h(i = 2)J; = =3(i = 5)Ji—a + (2i — 13)J;_s,

which means J;(h) can be expressed in the form

1

T =Jo Ji(h) = =gy

(cio(R)Jo + Bia(R)J1 + yia(h)J2),i > 4.

Here «; o(h), 8i,1(R), 7i,2(h) are polynomials of k. If 4 < i < 7, then deg ov; o(h) =
deg B3;.1(h) = degy; 2(h) = 0; if i > 8, then dega; o(h) < [(i — 8)/6] + F(i — 6),
deg 3; 1(h) < [(i—6)/6]+ F(i —4), deg; 1(h) <z — 4)/6] + F(i — 2), where

_ 1, ifi= 6k,
F(i) = {07 ifi+6kk=0,1,2,...

For i = 3, we have

1
J3 = %(—"]0 +6.J7).

Using the above results, we get {2.23).

3. The Picard-Fuchs equation and relevant results

In this section, we derive the Picard-Fuchs equation satisfied by Jg, J; and Js.
This is crucial for our analysis.
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LEMMA 3.1: The Abelian integrals Jo(h), Ji(h), Jo(h), related to (2.2), satisfy
the following Picard—Fuchs equation:

Jo ho o-1/2 0 T
(3.1) Ll=| 0o 2n =1 7.
T -1/3 0 2n/3) \J,

Proof: Tt follows from (2.2) that

oy x?
3.2 =
3.2) o g
which implies

30y i1
3.3 Ji(h) = f 23 dy = f{ dz.
(33) (W= = ga=¢ T

Using (2.2} again, we get

i=3,,2 i~3(9hp2 _ 9r3/3 _

Ji(h) =?( 3y dxzf x*~°(2ha* — 22°/3 1/3)dx
Fh y Fh y

2 1 1 !

3Yir T gl

(3.4)
=2hJ! —

Substituting ¢ = 0 into (3.4), we get
2 1

The equality (2.19) yields
3 1
(3.6) J_2 = '2—hJ() ‘+‘ ZJI

Inserting (3.6) into (3.5), one gets the first equation of (3.1). By the same argu-
ments, the second and third equations follow.

COROLLARY 3.2: The Abelian integrals Jy, Jq, Ja, related to (2.2), satisfy the
following equation:

JY —2h 1 7
(3.7) SR -1 [ JI | =| —4h? 2h ( J}) .
Jy -1 4n? 2

Proof: Differentiating both sides of (3.1), we get

0 R -1/2 0 JY
-Jil=1 0 2h -1 Ja,
175 -1/3 0  2h/3 Jy

which implies (3.7).
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LeEMMA 3.3: The following Picard-Fuchs equation is satisfied by the Abelian
integrals Jo, J1, J2, related to (2.4):

T 21h  -3h 0 Jo
(3.8)  6rRGBh+1)| S )= -7 36Gh+2) 0 A
J —7 1 33h+1)) \ J

Proof: Use the same arguments as in the proof of Lemma 3.1.
For the integrable system (2.1)p, the period annulus I'; is in the right half-
plane, which means

Ig(h) x’i—l
Jum=2/’ dx > 0,
or(h) /2hx? —~223/3-1/3

where (x1(h),0) and (22(h), 0) are intersection points of 'y and the z-axis. Using
the same arguments, we know that J;(h}, related to (2.3)¢, satisfies J;(h) > 0.
Hence, we can define, related to (2.1), and (2.3). respectively,

_ A

(3.9) w(h) = Ti(R)’ v(h) Toh)’

By (3.7) and (3.8), we get

COROLLARY 3.4: (i) The ratio w(h) = J}/J;, related to (2.1), satisfies the
following Riccati equation:

(3.10) (8h* — 1w’ = —2hw? + 8h*w - 1.
(ii) The ratio v(h) = Jy/Jo, related to (2.3), satisfies the following equation:

(3.11) 6h(3h + 1)v' = 3hv? —6(h — 1)v — 1.

4. Estimation for @

In this section, we investigate the number of zeros of I{h) for Q. To do this, we
reduce the initial problem to counting the number of isolated zeros of a certain
integral which is expressed as a linear combination of only two basic integrals,
Ji and Jj.

In this and the next section, «;(h), 3;(h),v:(h), i = 0,1,2,..., denote polyno-
mials of h and #¢(h) denotes the number of zeros of ¢(h).

It follows from (2.20) and (3.1) that I(h) and I'(h) can be expressed in the
form

I(h) =ag(h)J§ + Bo(R)J] + Yo(h)J5,

(4.1)
I'(h) =ar(h)Jy + Bi(h)J7 + 11 (h)J;,



134 Y. ZHAO Isr. J. Math.

where deg ag(h) < 3n — 5, deg Bo(h) < 3n — 6, degyo(h) < 3n —4, degay(h) <
3n — 6, deg f1(h) < 3n — 7, degv1(h) < 3n — 5. Eliminating Jj from the above
two equations, we have

(4.2) ao(R)I'(h) = a1(h)I(h) + M(h),
where M (h) has the form
(4.3) M(h) = B2(h)J1 +72(h) ]2

with deg f2(h) < 6n — 12 and degy2(h) < 6n — 10.

In what follows we study the relation of #I(h) and #M (k). Suppose h; and
hy are two consecutive simple zeros of I(h); then I'(hy)I'(hg) < 0. By (4.2}, we
know that

ag(h))I'(h;) = M(h;), i=1,2
Hence, either ag(h) has at least one zero in (hy, ha) or M (hy)M(h2) < 0, which
implies that there exists h* € (hy, hg) such that ag(h*) = 0 or M(h*) = 0. On the
other hand, if I(R) = I’(h) = --- = I*®}(k) = 0,k > 1, then M (k) = 0. Therefore,
between any two consecutive zeros (taking into account their multiplicities) of
I(h), there must exists at least one zero of ag(h) or M (h). This means

(4.4) #1(h) < #ao(h) + #M(h) + 1.
Finally, we only need to consider #M (h). Denote

(4.5) 0 = 2O ) 4 (e
' FORES

Obviously, #¢/(h) = #M(h). It follows from (3.10) that (h) satisfies the fol-
lowing Riccati equation:

(4.6) (8h° = 1)y2(h)y' = —2h¢* + Ri(R)Y + Ra(R),
where R;(h) and Rs(h) are polynomials of h, deg Ro(h) < 12n—20. By the same
arguments as in the proof of (4.4), we have
(4.7) #y(h) < #((8h° — 1)y2(h)) + #Ra (k) + 1.
Since I(h) is defined in ¥ = (1/2, +00), we conclude that #(8h* — 1) = 0 in .
The inequalities (4.4) and (4.7) imply that
#1(h) <#ao(h) + #72(h) + #Ra(h) + 2
<degag(h) + deg ya(h) + deg R2(h) + 2
<21n — 33,
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where n > 3. Using the same arguments, we get #I(h) = 0 for n = 0 and
#I(h) <9 for n = 1,2. The proof for @ is finished.

5. Estimation for Q7

For the case @, we will get a better upper bound of #I(h) (i.e. #J(h)) by using
the argument principle. As in the last section, we are going to reduce the initial
problem to counting the number of zeros of a certain Abelian integral which is
a combination of only two basic integrals, Jy and J;. From (2.23) and (3.8) we
have

(5.1) 6h(3h + 1)J'(h) = ar(h)Jo + Br(R) Ty + 71 (R) o

where max{dega;(h),deg B1(h),degy1(h)} < [(n —1)/2]. Eliminating J, from
(5.1) and (2.23), one gets

(5.2) 6h(3h + 1)y (h)J" = v1(h)J + G(h).
Here G(h) has the form
(5.3) G(h) = ag(h)Jo + Ba(h)Jy

with max{deg as(h),deg 32(h)} = 2[(n —1)/2] — 1. By the same arguments as in
section 4, we have

(5.4) #J(h) < #G(h) + #y(h) + 1

From now on we begin to estimate #G(h) by the argument principle. Let
Ji(h), i = 0,1, be the analytic continuation of J;(h) from ¥ to complex domain
C. This means that Jy and J; satisfy (3.8) and J;(h)|pex = Ji(R).

LemMMaA 5.1: (i) J;(h). i = 0,1, is analytic at h = —1/3 and ]l(h)/Jo )— 1 as
h— -1/3.
(ii) J;(h), i = 0,1, has the following expansion near h = 0:

(@) =c0<_ 14 33h + s55h® In(=h) + -+ >
i) \L - Bhin(- h)+2,45h+105h2ln( h)+---

576
{5.5) g
1
+ CQ < ih > k)
&
where ¢{,c§ are real constants, ¢ > 0.
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(iil) Near h — o0, we have

oo (BB i)

where ¢5°,¢5° are real constants.

Proof: Since the value b = —1/3 corresponds to the center, we know that J; (h)
is analytic at h = —1/3; see [R]. By the integral mean-value theorem, one gets
Ji/Jo = 1 as h — —1/3. From (3.8), the vector (Jo, J) satisfies the following
equation:

o mmen()-( 4% ()

Using analytic theory of ordinary differential equations [Ga, H], we get (5.5) and
(5.6). Noting J;(0) > 0, we have ¢ > 0. Since Ji(R) is real analytic at h = -1/3
and system (5.7) has no other singular point in (—o0, 0), we conclude that J;(h)
is a real analytic function in (—oo0,0), which implies ¢? and ¢° are real constants,
1=0,1.

Since (5.7) is a linear system with simple singular point, its solutions, including
the vector (Jop, J1), are (single-valued or multiply-valued) analytic functions on
complex domain C\{h = 0,00}. To get the single-valued function on C, define

D = C\{h|h > 0}.
By the above discussion, we have
LEMMA 5.2: ji(h),i = 0,1, is a single-valued analytic function on D.
LEMMA 5.3: In the expansion (5.6), ¢°c5° > 0.
Proof: In the proof of Lemma 5.1, we have known that jo(h) and Jy(h) are
real analytic functions in the interval (—o0,0). Therefore, the ratio u(h) =

Ji(R)/Jo(R), h € (—00,0), satisfies the Riccati equation (3.11), which implies
that the curve u(h) in the hv-plane is a trajectory of the system

(5.8) {h = 6h(3h + 1),

b =3hv? - 6(h — 1w —T.

The system (5.8) has three critical points in the finite plane: an unstable node
at (0,7/6), a saddle at (—1/3,1) and a stable node at (—1/3,7). The vertical
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zero isoclines h = —1/3 and h = 0 are invariant lines of (5.8). The zero isocline
v*(h), on which the vector field is horizontal, is defined by the algebraic curve

(5.9) K(h,v) = 3hv* —6(h —1)v — 7 =0,
where

3(h—1)++/303h2+h+3
(5.10) ot (hy = S =) 3h( +tht3)

which has the following properties:

(1) v¥(-1/3) = 1,v=(=1/3) = 7, limp 1o v (R) = 2, limp, oo v (h) = 0,
limp oo v (R) =0, limp oo v (h) = 24

(2) v*(h) has the following expansions near h = 0:
2 5

+o(1), v (h)=-=+=+40(1),

(5.11) vt(h) = 7%

7
6
which yields v1(0) = 7/6, limy,_,o- v~ (h) = 400, limj_ g+ v (h) = —o0;

(3) if h € (—00,0), then v*(h) < v~ (h),dvE(h)/dh > 0; if h € (0,+00), then
vt(h) > v~ (h), dvE(h) /dh > 0.

The properties (1) and (2) are obtained by direct computation. To prove (3),
assume that there exists k = h such that dvE(h)/dh = 0. Differentiating (5.9)
with respect to h, we have vE (k) = 2 or vt (h) = 0. However, K(k,2) = 5 > 0 and
IC(?;,O) = —7 < 0, which yields contradictions. Hence dv*(h)/dh # 0. Property
(3) follows from (1), (2) and (5.10).

Taking the Poincaré transformations

1 v v* 1

h==,v==, dt = h2dr and h= —, 27:-——,dt:h*2d'r,
h h ’i&* h*

system (5.8) changes to the form

h=-6h%(h+3),
v = 30% — 24hv — Th?,
and .
h* = h*(=3v* + 6h*(v* — h*) + Th*?),
vt = v*(=3v* + 24v*h* + Th*?),
respectively. Therefore, system (5.8) has two critical points (E, ¥) = (0,0) and
(h*,v*) = (0,0) at infinity. By Lemma 5.1, u(—1/3) = 1, which means the
curve u(h) tends to the saddle (—1/3,1) as h — —1/3. Since the trajectory
of (5.8) crosses the zero isocline v*(h), h € (—o00,—1/3), from the left hand
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to the right hand and 9|,— = 5 > 0, the curve u(h) must stay in the region
{(h,v)|0 < v*(h) < v < 2 < v~(h)}, which implies v'(h) > 0,h € (—00,—1/3).
As there are only two critical points (ﬁ, %) = (0,0) and (h*,u*) = (0,0) at
infinity, we conclude that u(h) is the trajectory of system (5.8) starting from
(h, @) = (0,0) to the saddle (—1/3,1); see Figure 1. Hence limy_, _o u(h) = 0.
Noting u(h) > v*(h) > 0, one gets u(h) > 0.

If ¢°c5° = 0, then either limp_, o, u(h) = 1/2 or u(h) = (7/18)h~1 +--- <0
as h — —oo, which yields a contradiction. Therefore ¢°c$® # 0. Using (5.6)
again, we obtain
N _E s
AR
as h — —oo. Since u(h) > 0 for h € (—00,—1/3), we have c{°c5® > 0. The
lemma is proved.

(5.12) u(h)

A 4 - ,/v._{h)
s I,
IR AL e e U =2
_..-="100,7/6)
P RCI
-
o .
-
. - / é(h)
+/
h=-1/3

Figure 1

LEMMA 5.4: Suppose that S (resp. S_) is the upper (resp. the lower) side of
the open cut {h|h € (0,+00)}. Then for h € Sy,

(i) Im(Jo(h)/J1(R)) # 0,

(i) ImJ;(h) # 0.

Proof: We only prove (i) and (ii) for h € S;.
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(i) Suppose that there exists h = h} such that ]~1(h*{) = 0; then Imjl(h’{) =
ReJl(h*) = 0. Since (]O(h) ]1(h)) is a solution of real analytic system (5.7), vec-
tors (ImJo(h) ImJl( }) and (ReJo(h) ReJl(h)) are two real analytic solutions

par

of system (5.7). too. It follows from Liouville’s formula that

h 6h+t1
fh h(3h+1)dh 0.

Re.zo ImZO

ReJ, ImlJ, = W(hy)e

(5.13) W(h) = ‘

Hence, in the region {h|Jy(k) # 0,h € S4}, we have

(5.14) e _ W)
Jy(h) [J1(R)|?

It follows from (5.6) and Lemma 5.3 that Jo(h)/Ji(h) ~ (c5°/c$°)(—h)'/3 as
h — +00. This implies that Im(Jy(h)/Ji(h)) # 0 as h — +o0, which contradicts
(5.14). Hence, Jy(h) 5 0 for h € Sy.

Based on Jy(h) # 0,h € Sy, we can define the ratio Jo(h)/Jy(h). Noting
Im(Jo(h )/jl(h)) = —W(h)/|J1|* and using the same arguments as above, we
get Im(Jo(h /J1 h)) ;é O0for he S,.

(ii) It is obvious that ¢(h) = ImJy(h)/ImJy(h),h € Sy, is a trajectory of
system (5.8). Using (5.5) and (5.6), we have

o) =~ + olh™) < v () =~ + ofh™)

as h = 0% and

d(h) = —(c /Y3 4 o(h™3) 5 0

as h — +o0o, which implies that ¢(h) must stay in the region
{(h.v)lv < v~ (h) <O}
see Figure 1. Therefore, ¢'(h} > 0 and ¢(h) # 0. This yields

(5.15) oo < IMA) 0, hes,.

ImJo(h)
It follows from (5.15) that if there exists b = h3 such that ImJ; (k%) = 0, then
Imjo(h ) = 0, which implies W(h) = 0; cf. (5.13). Using (5.14) again, we obtain
Imy( Jo( /Jl( ) = 0,h € (0,400). On the other hand, the expansion (5.6)
shows that Im(Jo(h)/ ]1( )) # 0 as h — +oo, which yields a contradiction. The
conclusion (ii) follows.
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LEMMA 5.5: Suppose h # —1/3,h € D; then Jy(h) # 0.

Proof: Let dy be a big enough constant and do be a small enough constant.
Denote by D; the set obtained from DN {jh| < ds } by removing a circle of radius
dy around hg = 0; see Figure 2. Consider the increase in the arguments of jl(h)
along the boundary of D; which has positive (counter clockwise) orientation.
Lemma 5.2 shows that jl(h) is single-valued analytic in the set D. It follows
from (5.5) that the change of argument of jl(h), when h makes one turn along
the circle |h| = do, is close to zero. The expansion (5.6) yields that along the
circle |h| = duo, the change in the argument of Jy(h) is close to 57/3. At the
end, on the upper and the lower side of open cut {h|h € (do, do)}, Imjl(h) #0.
Putting these data together yields that the increment in the argument of fl(h)
along the boundary of D; is less than 57 /3427 +¢, le] € 1, asdy — 0,d, — +00.
Using the argument principle, we obtain that J~1(h) has at most one zero in D;.
The same is true, of course, for D. Since ,71(—1 /3) = 0, the result of this lemma
follows.

Figure 2
LEMMA 5.6: #G(h) <4[(n—1)/2]-1,n>4,he ¥ =(-1/3,0).

Proof: Since Ji(h) # 0 in ¥, the number of zeros of G(h) is equal to the number
of zeros of G(h)/J1(h). Let G1(h) be the analytic continuation of G(h)/J;(h)
from ¥ to the complex domain C, namely

@W=w@£$+@@-

By Lemma 5.1, (jo(h)/jl(h))[hz_l/g = 1. Since Jy(h) # 0 in D\{-1/3}, we
conclude that G1(h) is single-valued analytic in D.

To estimate the number of zeros in D, we should evaluate the increment in the
argument of the function G;(h) along the boundary of D;. In what follows we
split the proof into two cases.
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Case 1:  Assume that ay(h) and SB2(h) have no common factor.

Since Im(Jo(h)/J1(h)) # O for h € S4 (resp. S_), we know that ImG,(h)
has at most 2[(n — 1)/2] — 1 zeros in S (resp. S_). The expansion (5.6) shows
that Gy(h) ~ h' as h — oo, where [ < max{deg as(h) + 1/3,deg B2(h)} <
2[(n — 1)/2] — 2/3. This implies that along the circle |h| = doo. the change in
the argument of G (h) is close to 2n(2[(n —1)/2] —2/3). Noticing that the circle
|h| = ho has negative orientation, it follows that along the circle |h| = hg the
increment in the argument of él(h) increases by no more than zero. By the
same arguments as in the proof of Lemma 5.5, one gets that the increment in the
argument of G 1(R) along the boundary of D; is close to

) n—1 2 -1 _ n—17 2

2”<2[ 2 }_§+2[ 2 J_1+1)‘2”(4[ 2 ] 3)
and hence G(h) has at most 4[(n — 1)/2] — 1 zeros in D;, which implies that
#G(h) < #Gi(h) <4(n—-1)/2]-1,he ¥ = (-1/3,0).

Case 2:  Assume that az(h) and S2(h) have common factor Gs(h), deg G2(h) <
m.

Denote G(h) = G5(h)G2(h). Using the same arguments as in Case 1, we have
#Go(h) < 4[(n—1)/2]—2m—1, which yields #G(h) < 4[(n—1)/2]-m—1,h € X.

Proof of Theorem 1 for QF: By (5.4) and Lemma 5.6 one gets

109 = a0 4[5 <14 [55 ea=sf5 )

where n > 7. Using the same arguments, we obtain #I(h) < 4 for 1 < n < 6.
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